A universal Hamiltonian for a quantum dot in the presence of spin-orbit
  interaction by Alhassid, Y. & Rupp, T.
ar
X
iv
:c
on
d-
m
at
/0
31
26
91
v1
  [
co
nd
-m
at.
me
s-h
all
]  
30
 D
ec
 20
03
A universal Hamiltonian for a quantum dot in the presence of spin-orbit interaction
Y. Alhassid and T. Rupp
Center for Theoretical Physics, Sloane Physics Laboratory,
Yale University, New Haven, Connecticut 06520
We derive a universal Hamiltonian for a quantum dot in the presence of spin-orbit interaction in
the symmetry limits of a strong spin-dependent Aharonov-Bohm-like term. We also derive a closed
expression for the conductance through such a dot, and use it to study the effects of spin-orbit on
the conductance peak statistics in the presence of an exchange interaction. For a realistic strength of
the exchange interaction, we find that the width of the peak-spacing distribution is sensitive to spin-
orbit coupling only in the absence of an orbital magnetic field. We also find that spin-orbit coupling
modifies the shape of the peak-spacing distribution and suppresses the peak-height fluctuations.
PACS numbers: 73.23.Hk, 05.45.Ac, 73.23.-b, 73.63.Kv
The statistical fluctuations of the single-particle spec-
trum and wavefunctions in a chaotic or diffusive quan-
tum dot with a large Thouless conductance gT can be
described by random matrix theory (RMT) [1, 2]. In
open dots, which are strongly coupled to leads, RMT can
successfully describe the mesoscopic fluctuations of the
conductance assuming non-interacting electrons. How-
ever, in almost-isolated dots, which are weakly coupled
to leads, electron-electron interactions cannot be ignored.
In such dots, most of the residual interaction terms are
suppressed in the limit of a large gT , except for a few
terms. These terms constitute the interacting part of the
universal Hamiltonian [3, 4], and include, in addition to
the charging energy, a constant exchange interaction. Us-
ing RMT to describe the single-particle Hamiltonian, a
significantly better agreement with the data of Refs. 5, 6
is found once this exchange term is included [7, 8]. In
general, the exchange interaction suppresses fluctuations
of both the conductance peak spacings and peak heights.
Spin-orbit (SO) scattering is also expected to affect
the conductance fluctuations, although its effects are sup-
pressed in small dots. Enhanced SO coupling in a parallel
magnetic field explained the suppression of conductance
fluctuations in chaotic open 2D GaAs dots [9, 10]. The
possible symmetries of the single-particle Hamiltonian in
such dots with SO scattering were recently classified [11],
and their signatures were observed in open dots [12].
Realistic studies of SO effects in almost-isolated dots
require the inclusion of interactions. However, the uni-
versal Hamiltonian for a 2D dot has been derived only
in the absence of SO coupling. Here we study how the
universal Hamiltonian is modified in the presence of SO
scattering, both in the presence and absence of an or-
bital magnetic field. In particular, we derive the universal
Hamiltonian [Eq. (5)] in the new symmetry limits intro-
duced by the leading order SO term (a spin-dependent
Aharonov-Bohm-like term). We also describe the dot’s
Hamiltonian [Eqs. (6),(7)] in the crossover induced by
this SO term. Electron correlations in the presence of
SO scattering were recently studied in metal nanoparti-
cles [13], but such 3D nanoparticles do not possess the
new symmetries considered here. In addition, we de-
rive a closed formula for the conductance through a dot
described by the new universal Hamiltonian [Eqs. (8)
– (11)], and study the corresponding conductance peak
statistics. For a realistic strength of the exchange inter-
action, we find that the standard deviation of the peak-
spacing fluctuations is sensitive to SO scattering only in
the absence of an orbital magnetic field. SO coupling also
modifies the shape of the peak-spacing distribution and
suppresses the peak height fluctuations.
The symmetries of the one-body Hamiltonian in the
presence of SO in GaAs dots were classified by apply-
ing a suitable unitary transformation to its original form
[11]. The transformed Hamiltonian is expanded in the
parameter L/λ (L is the linear size of the dot and λ
is a mean SO scattering length), which is assumed to
be small. The two leading contributions are described
by effective vector potentials that modify the vector po-
tential of the orbital magnetic field B. The first is a
spin-dependent Aharonov-Bohm-like vector potential a⊥
of order (L/λ)2, and the second is a spin-flip term a‖ of
order (L/λ)3. In small dots, only the first term is relevant
and the total effective orbital field is given by
Beff = B +Bsosz ; Bso =
c~
eλ2
, (1)
where sz is the electron spin component perpendicular
to the plane of the dot, and Bso is an effective SO field.
The effect of the SO interaction is described by a dimen-
sionless parameter x2⊥ = κgT (Φso/Φ0)
2 = κgT (A/λ
2)2,
where A is the area of the dot, κ is a geometrical coef-
ficient, Φso is the flux associated with the SO field, and
Φ0 = c~/e is the unit flux. In the following we derive the
universal Hamiltonian in the symmetry limits x⊥ ≫ 1
for both B = 0 and B 6= 0. (in practice, the crossover is
often achieved for x⊥ ∼ 1).
The single-particle eigenstates in the presence of an
effective field (1) are given by |ασ〉, where σ = ± de-
scribes spin up/down electrons with orbital wavefunc-
tions ψα±(r) and energies ǫα±. In the absence of SO
coupling (x⊥ = 0), ψα+ = ψα−. When SO is present, we
2have to distinguish between two cases. For B 6= 0, the
wavefunctions ψα±(r) correspond to two different values
B±Bso/2 of the effective field, and become uncorrelated
for x⊥ ≫ 1. Thus, we have a crossover from two de-
generate Gaussian unitary ensembles (GUE) at x⊥ = 0
to two uncorrelated GUE at x⊥ ≫ 1 [14]. However, for
B = 0, time reversal invariance leads to Kramers degen-
eracy ǫα+ = ǫα− and ψα−(r) = ψ
∗
α+(r), and the crossover
is from two degenerate Gaussian orthogonal ensembles
(GOE) at x⊥ = 0 to two degenerate GUE at x⊥ ≫ 1.
Since |ασ〉 is a complete single-particle basis, we can
write the dot’s Hamiltonian in this basis. We first discuss
the limits x⊥ = 0 and x⊥ ≫ 1 (more precisely, x
2
⊥ & gT )
but not the crossover itself. In these limits, we consider
the “diagonal” part of the interaction, i.e., direct terms
vασγσ′;ασγσ′ , exchange terms vασγσ′;γσασ′ , and Cooper
channel terms vα+α−;γ+γ−. For gT ≫ 1, we separate this
“diagonal” interaction into average and fluctuating parts,
and identify terms that remain finite for gT → ∞. We
define the following average matrix elements (for α 6= γ)
v1 = v¯ασγσ′ ;ασγσ′ ; v2 = v¯ασγσ;γσασ ;
v3 = v¯ασγ−σ;γσα−σ ; v4 = v¯α+α−;γ+γ− . (2)
While all the direct matrix elements have the same av-
erage v1, we have distinguished two types of exchange
matrix elements. For x⊥ = 0, the orbital wavefunctions
are spin-independent and v2 = v3 = Js. For x⊥ → ∞,
v2 = Js remains unchanged (the orbital wavefunctions
correspond to the same spin σ), but v3 = 0. The van-
ishing of v3 can be shown, e.g., in a contact model for
the screened interaction [v(r − r′) ∝ δ(r − r′)] for which
vασγ−σ;γσα−σ ∝
∫
drψ∗ασ(r)ψ
∗
γ−σ(r)ψγσ(r)ψα−σ(r). For
B 6= 0, the correlator of the wavefunctions ψασ and ψα−σ
is a GUE parametric correlator which decays as a power
law for x⊥ ≫ 1 [15, 16]. For B = 0, the orbital wavefunc-
tions have GUE symmetry with ψα−σ = ψ
∗
ασ and thus
v3 ∝
∫
drψ∗ασ(r)ψγσ(r)ψγσ(r)ψ
∗
ασ(r) = 0 [17].
Using Eqs. (2), we can write the average part of the diagonal interaction in the form
V¯diag =
∑
α6=γ
(
1
2
v1nˆαnˆγ −
1
2
v2
∑
σ
nˆασnˆγσ +
1
2
v3
∑
σ
a†ασa
†
γ−σaα−σaγσ + v4Tˆ
†
αTˆγ)− (v1 + v3 + v4)
∑
α
Tˆ †αTˆα , (3)
where nˆασ is the occupation operator of the state |ασ〉
and nˆα = nˆα+ + nˆα−. Also Tˆ
†
α = a
†
α+a
†
α− is a pair
creation operator, and we have used vα+α−;α+α− = v1 +
v3 + v4 (as is easily verified for a contact interaction).
The total spin operator of the dot can be represented
in the basis |ασ〉 as Sˆ = 12
∑
αγ;σσ′〈ασ|γσ
′〉a†ασσσσ′aγσ′
(σ are Pauli matrices), and is no longer diagonal in the
orbital label α. However, since 〈ασ|γσ〉 = δαγ , the z
component of the total spin is diagonal Sˆz =
1
2
∑
α(nˆα+−
nˆα−) =
∑
α sˆαz , and we have
∑
σ nˆασnˆγσ =
1
2 nˆαnˆγ +
2sˆαz sˆγz. The v3 term in Eq. (3) is absent in the limit
x⊥ → ∞, while for x⊥ = 0 it can be related to the spin
operators through a†α+a
†
γ−aα−aγ+ + a
†
α−a
†
γ+aα+aγ− =
4(sˆαz sˆγz− sˆα · sˆγ). Thus in both symmetry limits x⊥ = 0
and x⊥ →∞ we can write (3) in the form
V¯diag =
1
2
(v1 − v2/2)nˆ
2 −
1
2
(v1 − v2)nˆ− v3Sˆ
2
− (v2 − v3)Sˆ
2
z + v4Tˆ
†Tˆ , (4)
where Tˆ † =
∑
α Tˆ
†
α. In the following we denote β = 1
(β = 2) for B = 0 (B 6= 0). For x⊥ = 0, v2 = v3 = Js
and v4 = δβ1Jc (Jc is the strength of the Cooper chan-
nel interaction), and we recover the universal Hamilto-
nian [3, 4]. However, for x⊥ ≫ 1, we have v3 = 0
and the Sˆ2 interaction is replaced by Sˆ2z . Furthermore,
v4 = δβ1Jc still holds for x⊥ ≫ 1. For B 6= 0, v4 is obvi-
ously zero, while for B = 0 we use ψα− = ψ
∗
α+ to obtain
vα+α−;γ+γ− ∝
∫
dr|ψα+(r)|
2|ψγ+(r)|
2 and thus v4 6= 0.
As in the absence of SO, the off-diagonal elements of
the residual interaction are suppressed at large gT . Thus,
for x⊥ ≫ 1, we obtain a new universal Hamiltonian
Hˆ =
∑
ασ
ǫασnˆασ +
1
2
Udnˆ
2 − JsSˆ
2
z + δβ1JcTˆ
†Tˆ . (5)
For B = 0, the spin up/spin down levels are degener-
ate GUE levels (ǫα+ = ǫα−), while for B 6= 0, the spin
up/spin down levels are uncorrelated GUE levels. The
important new feature of (5) is that the exchange inter-
action is now given by −JsSˆ
2
z instead of −JsSˆ
2 [18].
In the crossover itself (finite x⊥), the fluctuations of the
off-diagonal matrix elements are enhanced and cannot
be ignored [19]. Instead, we use the interaction of the
universal Hamiltonian in the absence of SO scattering,
and add SO coupling to the single-particle Hamiltonian
Hˆc =
∑
ασ
ǫασnˆασ +
1
2
Udnˆ
2 − JsSˆ
2
z + δβ1JcTˆ
†Tˆ
−
1
2
Js(Sˆ+Sˆ− + Sˆ−Sˆ+) , (6)
where we have used Sˆ2 = (Sˆ+Sˆ− + Sˆ−Sˆ+)/2 + Sˆ
2
z . The
spin and pairing operators can be rewritten in the SO
eigenstates |ασ〉. The spin projection Sz =
1
2
∑
α(nˆα+ −
nˆα−) and the pair operator Tˆ
† =
∑
α a
†
α+a
†
α− (for β =
1) remain diagonal as in the universal Hamiltonian (5).
3However, the spin components in the plane of the dot
acquire an off-diagonal form
Sˆ+ =
∑
αγ
ζ∗γαa
†
α+aγ− ; Sˆ− =
∑
αγ
ζαγa
†
α−aγ+ . (7)
Here ζαγ are fluctuating quantities whose statistical prop-
erties depend on x⊥. For B 6= 0, ζαγ ≡ 〈α(0)|γ(x⊥)〉 de-
scribe parametric overlaps in the Gaussian unitary pro-
cess (GUP) between the eigenstates at scaled parameter
values x⊥ = 0 and x⊥ [15, 16]. For B = 0, ζαγ are
just the orthogonal invariants ραγ defined by the “real”
scalar product of the eigenstates α and γ [19]. In the
GUP, |ζαγ |2 = x
2
⊥/[(ǫα − ǫγ)
2/∆2 + (πx2⊥)
2], where ǫα
are the energy levels at a parameter value x⊥ ≫ 1 [16]
(a similar expression holds in the GOE to GUE crossover
[19]). Thus the number of levels γ coupled to a level α
in (7) is ∼ x2⊥. Since (6) describes an effective Hamilto-
nian of ∼ gT levels around the Fermi energy, it is valid
for x2⊥ ≪ gT . The matrix elements ζαγζµν of the in-
teraction Sˆ+Sˆ− + Sˆ−Sˆ+ have rms values . 1/x
2
⊥, and
dominate the corrections to (6) which are of the order
1/gT . For x
2
⊥ & gT , the effective Hamiltonian is the uni-
versal Hamiltonian (5). The spin S is no longer a good
quantum number of the Hamiltonians (5) and (6) (for
x⊥ 6= 0), but Sz = M remains a good quantum number.
In the following we focus on the universal Hamilto-
nian (5) and ignore the Cooper channel term. Since
[nˆλσ, Sˆz] = 0, the occupations n ≡ {nλσ} form a com-
plete set of good quantum numbers. The corresponding
eigenstates |NnM〉 have energies ε
(N)
nM =
∑
λσ ǫλσnλσ +
UdN
2/2−JsM
2, whereN =
∑
λσ nλσ is the total number
of electrons and M =
∑
λ(nλ+ − nλ−)/2.
We have calculated the conductance G at temperature
T using the rate equations approach [20]. Defining a
scaled conductance g = (~kT/e2Γ¯)G (Γ¯ is an average
tunneling width), we find
g =
∑
λσ
wλσgλσ . (8)
Here gλσ = (2/Γ¯)Γ
l
λσΓ
r
λσ/(Γ
l
λσ + Γ
r
λσ) are the single-
particle level conductances, where Γrλσ (Γ
r
λσ) is the par-
tial width of an electron in level λσ to decay to the left
(right) lead. The thermal weights wλσ are given by
wλσ =
∑
n
nλσ=0
P˜
(N)
nM f(ε
σ
λM ) , (9)
where the sum over all occupation sequences is restricted
to the level λ with spin σ being empty. In Eq. (9), f(x) =
(1+ex/kT )−1 is the Fermi-Dirac function evaluated at an
energy ε±λM = ǫλ±∓Js(M±1/4)− ǫ˜F , which corresponds
to the addition of an electron with spin σ is to a level λ
(ǫ˜F is an effective Fermi energy). The quantity P˜
(N)
nM =
e−[ε
(N)
nM
−ǫ˜FN ]/kT /Z is the equilibrium probability of the
state |NnM〉, with a partition function Z defined as a
Boltzmann-weighted sum over all possible N - and (N +
1)-body states. The sum over all occupation numbers
in Eq. (9) can be evaluated in closed form at constant
M . The constraint nλσ = 0 is taken into account by
introducing the factor 1− nλσ, and we have
wλσ =
∑
M
(1− 〈nλ〉
σ
nσ )P˜N,Mf(ε
σ
λM ) ; (10)
where −N/2 ≤ M ≤ N/2. Here n± = N/2 ±M is the
number of spin-up and spin-down electrons, and P˜N,M
is the probability to find the dot with N electrons and
spin projection Sz = M . Since the trace at fixed N,M
is equivalent to a trace at fixed n+, n−, we find
P˜N,M = e
−(F+n+
+F−n−
+UN,M)/kT /Z , (11)
with UN,M = UdN
2/2 − JsM
2 − ǫ˜FN . In Eqs. (10)
and (11) F σnσ = −kT ln trnσe
−
∑
λ
ǫλσc
†
λ
cλ/kT and 〈nλ〉
σ
nσ
are free energy and canonical occupations of nσ non-
interacting spinless fermions with energies ǫλσ.
Effects of the SO interaction on the conductance peak
height statistics in the absence of exchange interaction
were discussed in Ref. 21. Here we consider SO effects
on both the peak spacing and peak height statistics in
the presence of exchange. We calculated these statis-
tics in the limit x⊥ ≫ 1 using the universal Hamiltonian
(5), and compared them with the corresponding statis-
tics in the absence of SO interaction (i.e., x⊥ = 0) [7].
The left panel of Fig. 1 shows the width σ(∆2) of the
peak spacing distribution versus kT/∆ for several val-
ues Js of the exchange interaction and for both limits
x⊥ ≫ 1 (dashed lines) and x⊥ = 0 (solid lines). In the
absence of exchange (Js = 0), the SO interaction leads
to a strong suppression of the spacing fluctuations. How-
ever, at Js = 0.3∆ the width is no longer sensitive to the
SO coupling, except for a small suppression at higher
temperatures. The peak-spacing distribution itself is af-
fected by SO coupling and decreases more slowly at large
spacings. In particular, the bimodality of the x⊥ = 0 dis-
tribution for kT . 0.3 ∆ disappears for x⊥ ≫ 1 (see inset
in Fig. 1) [22]. The right panel of Fig. 1 shows similar
results as in the left panel but for B = 0. In contrast
to the B 6= 0 case, we observe that the width σ(∆2) is
still sensitive to the SO coupling at Js = 0.3 ∆. SO en-
hances the spacing fluctuations at low temperatures but
suppresses them at higher temperatures.
A quantity that characterizes the peak height statistics
is the ratio between the standard deviation σ(gmax) and
the average gmax of the peak heights gmax. The left panel
of Fig. 2 shows this ratio as a function of kT/∆ for Js =
0.3 ∆ and B 6= 0 in both limits x⊥ = 0 and x⊥ ≫ 1. We
observe that SO scattering suppresses σ(gmax)/gmax, and
this suppression becomes stronger with temperature.
At higher temperatures, inelastic scattering becomes
important. The right panel of Fig. 2 shows similar re-
sults as in the left panel but in the rapid-thermalization
410-1 100
kT / ∆
0.0
0.2
0.4
0.6
σ
(∆
2) 
/ ∆
10-1 100
kT / ∆
0 1
1
3
J
s
=0
J
s
=0.3∆
J
s
=0.5∆
J
s
=0
J
s
=0.3∆
J
s
=0.5∆
∆2
P(
∆ 2
)
FIG. 1: The width σ(∆2) of the peak-spacing distribution (in
units of ∆) for several values Js of the exchange interaction
and in the presence (left panel) and absence (right panel)
of an orbital magnetic field. The results in the presence of
SO coupling for the universal Hamiltonian (5) (dashed lines),
are compared with the results in the absence of SO coupling
(solid lines). Inset: the peak-spacing distribution P (∆2) (∆2
is measured relative to e2/C) in the limits x⊥ = 0 (solid) and
x⊥ ≫ 1 (dashed) for Js = 0.3∆ and kT = 0.2∆.
limit of strong inelastic scattering. We observe that
SO interaction can lead to a significant suppression of
σ(gmax)/gmax also in the rapid-thermalization limit.
At present, no statistical data are available for observ-
ing SO effects in the presence of an exchange interac-
tion. Using the value of λ determined from experiments
in large open dots [12], we estimate x⊥ ≪ 1 for the small
dots of Refs. 5, 6. It would be interesting to measure the
conductance peak statistics in almost-isolated dots with
large area A, in which SO effects are enhanced (for a
fixed electron density, x⊥ ∝ A
5/4). In such large dots, it
is difficult to reach the limit T ≪ ∆, but our results are
not restricted to low temperatures.
In conclusion, we have derived the universal Hamil-
tonian of a quantum dot in the new symmetry limits
when the leading order SO interaction term is included,
both in the presence and absence of an orbital magnetic
field. Using this universal Hamiltonian, we have identi-
fied the signatures of SO scattering in the conductance
peak statistics in the presence of an exchange interac-
tion. The universal Hamiltonians for other symmetries
in the presence of SO scattering and the corresponding
crossover Hamiltonians will be discussed elsewhere.
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